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ON SOME SYSTEMS OF DIFFERENCE
EQUATIONS
L.A.Gutnik
Dedicated to the memory of
Professor N.M.Korobov.
Let
|z| ≥ 1,−3pi/2 < arg(z) ≤ pi/2, log(z) = ln(|z|) + i arg(z).
Then log(−z) = log(z) − ipi, if ℜ(z) > 0 and log(z) = log(−z) − ipi, if
ℜ(z) < 0.
Let
fl,1(z, ν) =
ν∑
k=0
(−1)(ν+k)l(z)k
(
ν
k
)2+l(
ν + k
ν
)2+l
,(1)
where l = 0, 1, 2, ν ∈ [0,+∞) ∩ Z. Let
R(t, ν) =
ν∏
j=1
(t− j)
ν∏
j=0
(t+ j)
.(2)
where ν ∈ [0,+∞) ∩ Z,
fl,2(z, ν) =
+∞∑
t=1+ν
z−t(R(t, ν))2+l,(3)
where l = 0, 1, 2 and ν ∈ [0,+∞) ∩ Z, and since (R(t, ν))2+l for ν ∈ N has
in the points t = 1, . . . , ν, the zeros of the order 2 + l, it follows that
fl,2(z, ν) =
+∞∑
t=1
z−t(R(t, ν))2+l,(4)
for l = 0, 1, 2 and ν ∈ [0,+∞) ∩ Z. Let
fl,3(z, ν) = (log(z))fl,2(z, ν) + fl,4(z, ν),(5)
where
1
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fl,4(z, ν) = −
+∞∑
t=1+ν
z−t
(
∂
∂t
(R2+l)
)
(t, ν),(6)
l = 0, 1, 2 and ν ∈ [0,+∞) ∩ Z, and since (R(t, ν))2+l for ν ∈ N has in the
points t = 1, . . . , ν, the zeros of the order 2 + l, it follows that
fl,4(z, ν) = −
+∞∑
t=1
z−t
(
∂
∂t
(R2+l)
)
(t, ν)(7)
for l = 0, 1, 2 and ν ∈ [0,+∞) ∩ Z. Let
f∨l,5(z, ν) = −ipifl,3(z, ν) + fl,5(z, ν),(8)
with l = 1, 2, ν ∈ [0,+∞) ∩ Z and
fl,5(z, ν) =(9)
2−1(log(z))2fl,2(z, ν) + (log(z))fl,4(z, ν) + fl,6(z, ν) =
= −2−1(log(z))2fl,2(z, ν) + +(log(z))fl,3(z, ν) + fl,6(z, ν),
where
fl,6(z, ν) = 2
−1
∞∑
t=1+ν
z−t
((
∂
∂t
)2
(R2+l)
)
(t, ν),(10)
and since (R(t, ν))2+l for ν ∈ N has in the points t = 1, . . . , ν, the zeros of
the order 2 + l, and l = 1, 2 now, it follows that
fl,6(z, ν) = 2
−1
∞∑
t=1+ν
z−t
((
∂
∂t
)2
(R2+l)
)
(t, ν)(11)
for l = 1, 2 and ν ∈ [0,+∞) ∩ Z. Let
f∨l,7(z, ν) = fl,7(z, ν) + (2pi
2/3)fl,3(z, ν).(12)
with l = 2, ν ∈ [0,+∞) ∩ Z and
fl,7(z, ν) =(13)
−3−1(log(z))3fl,2(z, ν) + 2
−1(log(z))2fl,3(z, ν) + fl,8(z, ν)+
(log(z))(fl,5(z, ν) + 2
−1(log(z))2fl,2(z, ν)− (log(z))fl,3(z, ν)) =
6−1(log(z))3fl,2(z, ν)− 2
−1(log(z))2fl,3(z, ν) + (log(z))fl,5(z, ν) + fl,8(z, ν),
where
fl,8(z, ν) = −6
−1
∞∑
t=ν+1
z−t
((
∂
∂t
)3
(R2+l)
)
(t, ν),(14)
and, since (R(t, ν))2+l for ν ∈ N have in the points t = 1, . . . , ν, the zeros
of the order 2 + l, and l = 2 now, it follows that
fl,8(z, ν) = −6
−1
∞∑
t=1
z−t
((
∂
∂t
)3
(R2+l)
)
(t, ν).(15)
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Let
K0 = {1, 2, 3}, K1 = {1, 2, 3, 5}, K2 = {1, 2, 3, 5, 7}.
Let λ be a variable. We denote by Tn,λ the diagonal n × n-matrix, i-th
diagonal element of which is equal to λi−1 for i = 1, ..., n. We denote by
δ the operator z d
dz
. Let further l = 0, 1, 2, k ∈ Kl, |z| > 1, ν ∈ N, and
let Yl,k(z; ν) be the columnn with 4 + 2l elements, i-th of which is equal to
(ν−1δ)i−1f∨l,k(z, ν) for i = 1, ..., 4 + 2l.
Theorem 1. The following equalities hold
A∼l (z; ν)Yl,k(z; ν) = T4+2l,1−ν−1Yl,k(z; ν − 1),(16)
Yl,k(z; ν) = T4+2l,−1A
∼
l (z;−ν)T4+2l,−1+ν−1Yl,k(z; ν − 1),(17)
where l = 0, 1, 2, k ∈ Kl, |z| > 1, ν ∈ N, ν ≥ 2,
A∼l (z; ν) = S
∼
l + z
1+l∑
i=0
ν−iV ∼∗l (i)
with
S∼0 =


1 −4 8 −12
0 1 −4 8
0 0 1 −4
0 0 0 1

(18)
S∼1 =


−1 6 −18 38 −66 102
0 −1 6 −18 38 −66
0 0 −1 6 −18 38
0 0 0 −1 6 −18
0 0 0 0 −1 6
0 0 0 0 0 −1


,(19)
S∼2 =


1 −8 32 −88 192 −360 608 −952
0 1 −8 32 −88 192 −360 608
0 0 1 −8 32 −88 192 −360
0 0 0 1 −8 32 −88 192
0 0 0 0 1 −8 32 −88
0 0 0 0 0 1 −8 32
0 0 0 0 0 0 1 −8
0 0 0 0 0 0 0 1


,(20)
V ∼∗0 (0) = 4


4 −5 −2 3
−3 4 1 −2
2 −3 0 1
−1 2 −1 0

 ,
V ∼∗0 (1) = 4


3 −6 3 0
−2 4 −2 0
1 −2 1 0
0 0 0 0

 ,
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V ∼∗1 (0) =


146 −198 −180 268 66 −102
−102 146 108 −180 −38 66
66 −102 −52 108 18 −38
−38 66 12 −52 −6 18
18 −38 12 12 2 −6
−6 18 −20 12 −6 2


,
V ∼∗1 (1) =


240 −516 108 372 −204 0
−160 348 −84 −236 132 0
96 −212 60 132 −76 0
−48 108 −36 −60 36 0
16 −36 12 20 −12 0
0 −4 12 −12 4 0


,
V ∼∗1 (2) =


102 −306 306 −102 0 0
−66 198 −198 66 0 0
38 −114 114 −38 0 0
−18 54 −54 18 0 0
6 −18 18 −6 0 0
−2 6 −6 2 0 0


,
V ∼∗2 (0) = 8


176 −249 −364 545 280 −431 −76 119
−119 176 227 −364 −169 280 45 −76
76 −119 −128 227 92 −169 −24 45
−45 76 61 −128 −43 92 11 −24
24 −45 −20 61 16 −43 −4 11
−11 24 −1 −20 −5 16 1 −4
4 −11 8 −1 4 −5 0 1
−1 4 −7 8 −7 4 −1 0


,
V ∼∗2 (1) = 8


455 −1020 −113 1552 −603 −628 357 0
−300 682 44 −996 404 394 −228 0
185 −428 −3 592 −253 −228 135 0
−104 246 −16 −316 144 118 −72 0
51 −124 19 144 −71 −52 33 0
−20 50 −12 −52 28 18 −12 0
5 −12 1 16 −9 −4 3 0
0 −2 8 −12 8 −2 0 0


,
V ∼∗2 (2) = 8


400 −1243 972 542 −1028 357 0 0
−259 808 −642 −332 653 −228 0 0
156 −489 396 186 −384 135 0 0
−85 268 −222 −92 203 −72 0 0
40 −127 108 38 −92 33 0 0
−15 48 −42 −12 33 −12 0 0
4 −13 12 2 −8 3 0 0
−1 4 −6 4 −1 0 0 0


,
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V ∼∗2 (3) = 8


119 −476 714 −476 119 0 0 0
−76 304 −456 304 −76 0 0 0
45 −180 270 −180 45 0 0 0
−24 96 −144 96 −24 0 0 0
11 −44 66 −44 11 0 0 0
−4 16 −24 16 −4 0 0 0
1 −4 6 −4 1 0 0 0
0 0 0 0 0 0 0 0


.
The above matices S∼l and V
∼∗
l (i) have the following properties:
A∼l (z;−ν)T4+2l,−1Al,k(z; ν) = T4+2l,−1,(21)
S∼l T4+2l,−1 = (S
∼
l T4+2l,−1)
−1(22)
S∼l T4+2l,−1V
∼∗
l (i) = −(−1)
iV ∼∗l (i)T4+2l,−1S
∼
l ,(23)
V ∼∗l (i)T4+2l,−1V
∼∗
l (k) = 0T4+2l,−1,(24)
where
l = 0, 1, 2, i ∈ [0, 1 + l] ∩ Z, k ∈ [0, 1 + l] ∩ Z.
Proof. Full proof can be found in [2] – [6].
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